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VAN KAMPEN THEOREM FOR PERSISTENT FUNDAMENTAL
GROUP AND INTERLEAVING
MEHMET ALI˙ BATAN, MEHMETCI˙K PAMUK, HANI˙FE VARLI
Abstract. In this paper, we study persistent fundamental group. We show that per-
sistent fundamental group benefits from Van Kampen Theorem. We also show that
interleavings among fundamental groups of subspaces imply interleavings among funda-
mental groups of total spaces.
1. INTRODUCTION
Persistent homology is defined through a filtration of spaces and the corresponding ho-
mology groups with homomorphisms between them. It has been developed as an algebraic
method to study topological features of filtered spaces such as components, holes and the
graph structure of a given data. This theory has many applications and became a central
tool in topological data analysis [2, 6].
Instead of applying homology functor to a filtered space, Letscher [10] used homotopy
functor and defined persistent homotopy groups (see Section 2). Note that, although ho-
motopy groups are more difficult to work with, homotopy and homology groups capture
different information. For example, for knots one can work with fundamental group of the
complement [7]. On the other hand, calculating the homology groups of the complement
gives no further information (see [10] for a more detailed application). One difficulty in
persistence calculations is the complexity of the simplicial complex at hand. Having a
theorem which allows one to work with relatively simpler complexes can result in hav-
ing potentially faster running algorithms. Existence of Van Kampen Theorem for the
persistent fundamental group is one of the contributions of this paper.
All the information in persistence calculations is encoded in persistence diagrams. One
important theme in persistence calculations is the stability of the diagrams. Let X be
a topological space and f : X → R be a continuous function filtering X . The stability
theorem [4] roughly states that small changes in f lead to small changes in the diagram.
However, the stability theorem requires that X is triangulable and the filtering function
is continuous and tame (should have finitely many critical points). Moreover this theory
does not tell how to compare persistence diagrams of different spaces. To obtain results
that do not suffer from these restrictions, Chazal et al. [3] dropped the functional setting
and worked at the algebraic level directly. They introduced the notion of interleaving
which gives a way of measuring the distance between persistence diagrams.
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π1(A)
π1(A ∩B) π1(A ∪B)
π1(B)
iAB
iBA
Figure 1. Commutative diagram for A ∪B.
The paper is organized as follows. In Section 2, we recall some basic notions of persistent
fundamental group and state Van Kampen Theorem. In Section 3, we prove that Van
Kampen Theorem is also valid for persistent fundamental group. In Section 4, we show
that interleavings among fundamental groups of subspaces imply interleavings among
fundamental groups of total spaces.
2. Preliminaries
In this section, we recall the necessary basic notions of persistent fundamental group
and state the Van Kampen Theorem. For more details, we refer the reader to [8, 10].
Let X be a space with x0 ∈ X a fixed base point. The fundamental group of X is
defined as
π1(X, x0) = {f : [0, 1]→ X | f(0) = f(1) = x0}/ ≃ .
Next, we state the Van Kampen theorem which is used for computing the fundamental
groups of spaces that can be decomposed into simpler spaces whose fundamental groups
are already known.
The Van Kampen Theorem. Let X be a topological space which is a union of path-
connected open sets A and B with A∩B also path-connected. Then the induced homomor-
phism Φ: π1(A) ∗ π1(B) → π1(X) is surjective. The kernel of Φ is the normal subgroup
N generated by all elements of the form iAB(w)iBA(w)
−1 for w ∈ π1(A ∩ B). Moreover,
Φ induces an isomorphism (see Figure 1),
π1(X) ∼= (π1(A) ∗ π1(B))/N.
Now, let X be a filtered space with the following filtration
∅ = X0 ⊂ X1 ⊂ · · · ⊂ Xn−1 ⊂ Xn = X.
By applying the fundamental group functor throughout the filtration, the persistent
fundamental group of X , πu,v1 (X), is defined as the image of the homomorphism
iu,v : π1(Xu)→ π1(Xv),
πu,v1 (X) := Im(i
u,v)
for 0 ≤ u ≤ v ≤ n, which is induced by the inclusion map i : Xu →֒ Xv. In other words,
the persistent fundamental group consists of fundamental group elements of Xu that are
still alive at Xv.
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3. Van Kampen theorem for persistent fundamental group
In this section we prove that Van Kampen theorem is valid for persistent fundamental
group. Let X be a based topological space that is decomposed as the union of path-
connected open subsets A and B as in the statement of the Van Kampen theorem above.
Let f : X → R be a continuous function filtering X . For u ∈ R, a sublevel set of X
obtained by f is defined as
Xu = {x ∈ X | f(x) < u}.
Since the restriction of f also filters A and B, these sublevel sets can also be defined for A
and B such thatXu = Au∪Bu. Note also that these sublevel sets provide a filtration of the
corresponding spaces. If, in addition, for an arbitrary filtration level u, each intersection
Au ∩Bu is path connected, then by Van Kampen Theorem, the map
φu : π1(Au) ∗ π1(Bu)→ π1(Xu)
is surjective. Let iuA and iuB denote the maps induced by the inclusions from Au ∩ Bu
to Au and Bu, respectively, and juA and juB denote the maps induced by the inclusions
from Au and Bu to Xu, respectively, for all u. The kernel of φu is the normal subgroup
Nu generated by all elements of the form iuA(x)iuB(x)
−1 for x ∈ π1(Au ∩ Bu) and hence
φu induces an isomorphism
π1(Xu) ∼= (π1(Au) ∗ π1(Bu))/Nu.
Consider the diagram in Figure 2, connecting the u-th and v-th levels (u < v) of the
filtration where the maps fuv, guv, huv and kuv are homomorphisms induced by inclusions.
pi1(Au ∩Bu)
pi1(Au)
pi1(Bu)
pi1(Xu)
iuA
iuB
juA
juB
pi1(Av ∩Bv)
pi1(Av)
pi1(Bv)
pi1(Xv)
ivA
ivB
jvA
jvB
fuv
guv
huv
kuv
Figure 2. The homomorphisms between levels u and v.
Note that, by definition of persistent fundamental group we have
Im fuv = π
u,v
1 (A ∩ B), Im guv = π
u,v
1 (A), Imhuv = π
u,v
1 (B), Im kuv = π
u,v
1 (X)
for all u, v ∈ R.
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πu,v1 (A)
πu,v1 (A ∩B) π
u,v
1 (X)
πu,v1 (B)
γα
β δ
Figure 3. Commutative diagram of persistent fundamental groups.
Next, consider the diagram in Figure 3 where
α = ivA|Im fuv , β = ivB |Im fuv , γ = jvA|Im guv and δ = jvB |Im huv .
Let φu,v : πu,v1 (A) ∗ π
u,v
1 (B)→ π
u,v
1 (X) be the map defined by
φu,v(g1g2) = γ(g1)δ(g2)
where g1 ∈ π
u,v
1 (A) and g2 ∈ π
u,v
1 (B). That is, φ
u,v is defined as the extension of the
homomorphisms γ and δ.
Theorem 3.1. The homomorphism φu,v : πu,v1 (A) ∗ π
u,v
1 (B)→ π
u,v
1 (X) is surjective.
Proof. Let x ∈ πu,v1 (X), then by definition x ∈ π1(Xv) and there exists x1 ∈ π1(Xu) such
that x = kuv(x1). Since φu is surjective, by Van Kampen Theorem at level u, there exists
au ∈ π1(Au) and bu ∈ π1(Bu) such that
φu(aubu) = juA(au)juB(bu) = x1.
Since the diagram in Figure 2 is commutative by naturality and Van Kampen Theorem
for each level u, we have the following equalities
kuv ◦ juA = jvA ◦ guv,
kuv ◦ juB = jvB ◦ huv.
Now, we get
x = kuv(x1) = kuv(juA(au)juB(bu))
= kuv(juA(au))kuv(juB(bu))
= jvA(guv(au))jvB(huv(bu))
= jvA(xv)jvB(yv)
where xv = guv(au) ∈ Im(guv) and yv = huv(bu) ∈ Im(huv). By definition of γ and δ, we
obtain x = γ(xv)δ(yv) = φ
u,v(xvyv). Therefore, φ
u,v is surjective. 
Next we will determine the kernel of the map φu,v. Let Nv = {ivA(w)ivB(w)
−1| for
all w ∈ π1(Av ∩ Bv)}. The surjectivity of φv is equivalent to saying that every element
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of π1(Xv) has a factorization, and any two factorizations of an element in π1(Xv) are
equivalent by Van Kampen Theorem for Xv (see [8, p. 45]). Let us also define
Nuv := {α(w)β(w)
−1| for all w ∈ πu,v1 (A ∩ B)}
= {ivA(w)ivB(w)
−1| for all w ∈ Im(fuv) = π
u,v
1 (A ∩ B)}
and
Quv := (π
u,v
1 (A) ∗ π
u,v
1 (B))upslopeNuv.
Next, we define a map
ϕuv : Quv → π
u,v
1 (X) as ϕuv((s1s2)Nuv) = φ
u,v(s1s2)
for s1 ∈ π
u,v
1 (A) and s2 ∈ π
u,v
1 (B). Now we will show that the kernel of the map φ
u,v
is Nuv. For this purpose, we will show that the map ϕuv is injective, that is, any two
factorization of an element p in πu,v1 (X) is equivalent.
Theorem 3.2. The map ϕuv induced by φ
u,v is injective, that is, kerφu,v = Nuv.
Proof. Assume that there exists an element p ∈ πu,v1 (X) with two factorizations s1s2 and
r1r2 in π
u,v
1 (A) ∗ π
u,v
1 (B) which are not equivalent. Since, by definition p ∈ π1(Xv) and
s1, r1 ∈ π1(Av) and s2, r2 ∈ π1(Bv), then by definition of persistent fundamental group
s1s2 ∈ π1(Av) ∗ π1(Bv) and r1r2 ∈ π1(Av) ∗ π1(Bv) are two non-equivalent factorizations
of p in π1(Av) ∗ π1(Bv). But this contradicts Van Kampen Theorem for π1(Xv) and ϕuv
is an injective map. Thus kerφu,v = Nuv. Since φ
u,v is surjective and kerφu,v = Nuv by
first isomorphism theorem, we obtain
πu,v1 (X)
∼= (π
u,v
1 (A) ∗ π
u,v
1 (B))upslopeNuv.

4. Interleaving among persistences of fundamental groups
By studying at algebraic level directly, the authors in [3] have provided a way of com-
paring the persistence diagrams by using the notion of interleavings. For many cases, this
distance is equal to the bottleneck distance between the corresponding persistence dia-
grams. Interleavings and the induced interleaving distance have been extensively studied
in literature (see for example [1, 5, 9]). We use stability results for interleavings between
fundamental groups and distances defined in terms of interleavings called interleaving
distances.
Let X be a based topological space that is decomposed as a union of path-connected
open subsets A and B and
∅ = X0 ⊂ X1 ⊂ . . . ⊂ Xu ⊂ . . . ⊂ Xn = X
be a filtration of X with Xu = Au ∪Bu for all u ≥ 0. Also, let X
′ be another topological
space decomposed as a union of path-connected open subsets A′ and B′ with the filtration
∅ = X ′0 ⊂ X
′
1 ⊂ . . . ⊂ X
′
u ⊂ . . . ⊂ X
′
n = X
′
with X ′u = A
′
u ∪B
′
u for all u ≥ 0.
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Gu Gv
G′u+δ G
′
v+δ
fu fv
G′u G
′
v
Gu+δ Gv+δ
gu gv
G′u+δ
Gu
Gu+2δ
gu+δ
fu
Gu+δ
G′u
G′u+2δ
fu+δ
gu
Figure 4. Commutative diagrams of δ-interleaved persistences {Gu} and {G
′
u}.
In this section, we prove that if the persistence {π1(Au)} (in the sense of [11, 12]) is δ-
interleaved with the persistence {π1(A
′
u)} and if the persistence {π1(Bu)} is δ-interleaved
with the persistence {π1(B
′
u)}, then the persistence {π1(Xu)} is δ-interleaved with the
persistence {π1(X
′
u)}. This may allow one to compare persistence diagrams on differ-
ent spaces through their subspaces. Let us begin with the definition of the interleaving
between persistences.
Definition 4.1. A δ-interleaving between two different persistences {Gu} and {G
′
u} is
a collection of homomorphisms fu : Gu → G
′
u+δ and gu : G
′
u → Gu+δ for all u such that
the diagrams in Figure 4 commute for all u ≤ v where the horizontal maps are induced
by the inclusions which are called bonding maps.
An isomorphism h between persistences {Gu} and {G
′
u} is a collection of isomorphisms
hu : Gu → G
′
u which commutes with the corresponding bonding maps. The isomorphism
is denoted by {Gu} ∼= {G
′
u}. Note that, two persistences are 0-interleaved if and only if
they are isomorphic. Also, it is easy to see that if {Gu} and {G
′
u} are δ-interleaved, then
they are also ǫ-interleaved for any ǫ > δ.
Theorem 4.2. If {π1(Au)} is δ-interleaved with {π1(A
′
u)} and {π1(Bu)} is δ-interleaved
with {π1(B
′
u)} for δ > 0, then {(π1(Au) ∗ π1(Bu))/Nu} and {(π1(A
′
u) ∗ π1(B
′
u))/N
′
u} are
δ-interleaved.
Proof. Assume {π1(Au)} is δ-interleaved with {π1(A
′
u)}, then there exists a collection of
homomorphisms mu : π1(Au)→ π1(A
′
u+δ) and nu : π1(A
′
u) → π1(Au+δ) for all u such that
the diagrams in Figure 5 commute, where guv, guv+δ, guv+2δ, g
′
uv, g
′
uv+δ and g
′
uv+2δ are
homomorphisms induced by the corresponding inclusion maps. Thus, we have
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π1(Au) π1(Av)
π1(A
′
u+δ) π1(A
′
v+δ)
guv
mu mv
g′
uv+δ
π1(A
′
u) π1(A
′
v)
π1(Au+δ) π1(Av+δ)
g′uv
nu nv
guv+δ
π1(A
′
u+δ)
π1(Au)
π1(Au+2δ)
nu+δ
mu
guv+2δ
π1(Au+δ)
π1(A
′
u)
π1(A
′
u+2δ)
mu+δ
nu
g′
uv+2δ
Figure 5. Commutative diagrams of δ-interleaved persistences.
π1(Bu) π1(Bv)
π1(B
′
u+δ) π1(B
′
v+δ)
huv
su sv
h′
uv+δ
π1(B
′
u) π1(B
′
v)
π1(Bu+δ) π1(Bv+δ)
h′uv
ku kv
huv+δ
π1(B
′
u+δ)
π1(Bu)
π1(Bu+2δ)
ku+δ
su
huv+2δ
π1(Bu+δ)
π1(B
′
u)
π1(B
′
u+2δ)
su+δ
ku
h′
uv+2δ
Figure 6. Commutative diagrams of δ-interleaved persistences.
mv ◦ guv = (g
′
uv+δ) ◦mu,
guv+2δ = (nu+δ) ◦mu,
nv ◦ g
′
uv = (guv+δ) ◦ nu,
g′uv+2δ = (mu+δ) ◦ nu.
Similarly, for all u, there are homomorphisms su and ku such that the diagrams in Figure
6 commute, where the remaining maps are homomorphisms induced by inclusions. So,
we have
sv ◦ huv = (h
′
uv+δ) ◦ su,
huv+2δ = (ku+δ) ◦ su,
kv ◦ h
′
uv = (huv+δ) ◦ ku,
h′uv+2δ = (su+δ) ◦ ku.
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Now, let us define
σu : π1(Au) ∗ π1(Bu)→ π1(Av) ∗ π1(Bv)
by sending x = a1b1 . . . anbn to guv(a1)huv(b1) . . . guv(an)huv(bn). If x ∈ Nu, that is
x = iuA(w)iuB(w)
−1 for w ∈ π1(Au ∩ Bu), then σu(x) = ivAi
−1
vB ∈ Nv (follows from
the commutativity of Figure 2). Hence, σu induces a map which by abusing the notation
we denote again by σu
σu : (π1(Au) ∗ π1(Bu))/Nu → (π1(Av) ∗ π1(Bv))/Nv
defined as
σu((a1b1 . . . anbn)Nu) = (guv(a1)huv(b1) . . . guv(an)huv(bn))Nv.
is a homomorphism. Similarly, we can define
αu : (π1(A
′
u) ∗ π1(B
′
u))/N
′
u → (π1(A
′
v) ∗ π1(B
′
v))/N
′
v
as
αu((a
′
1b
′
1 . . . a
′
nb
′
n)N
′
u) = (g
′
uv(a
′
1)h
′
uv(b
′
1) . . . g
′
uv(a
′
n)h
′
uv(b
′
n))N
′
v
which is also a homomorphism by definition. The maps
pu : (π1(Au) ∗ π1(Bu))/Nu → (π1(A
′
u+δ) ∗ π1(B
′
u+δ))/N
′
u+δ
defined as
pu((a1b1 . . . anbn)Nu) = (mu(a1)su(b1) . . .mu(an)su(bn))N
′
u+δ
and the map
qu : (π1(A
′
u) ∗ π1(B
′
u))/N
′
u → (π1(Au+δ) ∗ π1(Bu+δ))/Nu+δ
defined as
qu((a
′
1b
′
1 . . . a
′
2b
′
2)N
′
u) = (nu(a
′
1)ku(b
′
1) . . . nu(a
′
n)ku(b
′
n))Nu+δ
are also homomorphisms for all u.
After defining these homomorphisms, we are ready to show that the topmost diagram
in Figure 7 commutes: Let (a1b1 . . . anbn)Nu ∈ (π1(Au) ∗ π1(Bu))/Nu. Then
(pv ◦ σu)((a1b1 . . . anbn)Nu) = pv(σu((a1b1 . . . anbn)Nu))
= pv((guv(a1)huv(b1) . . . guv(an)huv(bn))Nv)
= pv((guv(a1)Nv)(huv(b1)Nv) . . . (guv(an)Nv)(huv(bn)Nv))
= (mv(guv(a1))sv(huv(b1)) . . .mv(guv(an))sv(huv(bn)))N
′
v+δ
and
(αu+δ ◦ pu)((a1b1 . . . anbn)Nu) = αu+δ(pu((a1b1 . . . anbn)Nu))
= αu+δ((mu(a1)su(b1) . . .mu(an)su(bn))N
′
u+δ)
= (g′uv+δ(mu(a1))h
′
uv+δ(su(b1) . . . g
′
uv+δ(mu(an))h
′
uv+δ(su(bn))N
′
v+δ
Since mv ◦ guv = (g
′
uv+δ) ◦mu and sv ◦huv = (h
′
uv+δ) ◦ su, we get pv ◦σu = αu+δ ◦ pu. Thus
the topmost diagram in Figure 7 is commutative. Similarly, one can easily show that the
remaining diagrams are also commutative. 
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(π1(Au) ∗ π1(Bu))/Nu (π1(Av) ∗ π1(Bv))/Nv
(π1(A
′
u+δ) ∗ π1(B
′
u+δ))/N
′
u+δ (π1(A
′
v+δ) ∗ π1(B
′
v+δ))/N
′
v+δ
σu
pu pv
αu+δ
(π1(A
′
u) ∗ π1(B
′
u))/N
′
u (π1(A
′
v) ∗ π1(B
′
v))/N
′
v
(π1(Au+δ) ∗ π1(Bu+δ))/Nu+δ (π1(Av+δ) ∗ π1(Bv+δ))/Nv+δ
αu
qu qv
σu+δ
(π1(A
′
u+δ) ∗ π1(B
′
u+δ))/N
′
u+δ
(π1(Au) ∗ π1(Bu))/Nu
(π1(Au+2δ) ∗ π1(Bu+2δ))/Nu+2δ
qu+δ
pu
σu
(π1(Au+δ) ∗ π1(Bu+δ))/Nu+δ
(π1(A
′
u) ∗ π1(B
′
u))/N
′
u
(π1(A
′
u+2δ) ∗ π1(B
′
u+2δ))/N
′
u+2δ
pu+δ
qu
αu
Figure 7. Commutative diagrams of δ-interleaved persistences.
Theorem 4.3. The persistence {π1(Xu)} is isomorphic (0-interleaved) to the persistence
{(π1(Au) ∗ π1(Bu))/Nu}.
Proof. By the naturality of Figure 2, we have the commutative diagrams in Figure 8. Let
zu ∈ π1(Xu), then by Van Kampen Theorem there exists au ∈ π1(Au) and bu ∈ π1(Bu)
such that zu = juA(au)juB(bu). From Figure 2, we have
kuv ◦ juA = jvA ◦ guv,
kuv ◦ juB = jvB ◦ huv.
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π1(Au) π1(Xu)
π1(Av) π1(Xv)
juA
guv kuv
jvA
π1(Bu) π1(Xu)
π1(Bv) π1(Xv)
juB
huv kuv
jvB
Figure 8. Commutative diagrams at level u and v.
π1(Xu) π1(Xv)
(π1(Au) ∗ π1(Bu))/Nu (π1(Av) ∗ π1(Bv))/Nv
kuv
ru rv
σu
Figure 9. Commutative diagram of isomorphic persistences.
Let ru : π1(Xu)→ (π1(Au) ∗ π1(Bu))/Nu defined as ru(zu) = (aubu)Nu for each u. Now,
rv(kuv(zu)) = rv(kuv(juA(au)juB(bu)))
= rv(kuv(juA(au))kuv(juB(bu)))
= rv(jvA(guv(au))jvB(huv(bu)))
= (guv(au)huv(bu))Nv.
For other direction,
σu(ru(zu)) = σu(ru(juA(au)juB(bu)))
= σu((aubu)Nu)
= (guv(au)huv(bu))Nv.
Hence, we have shown that one of the diagrams from Definition 4.1 commutes, similarly
the other diagrams from Figure 4 can be shown to be commutative using naturality and
isomorphisms coming from Van Kampen Theorem at levels u and v. 
Hence, as a consequence of Theorem 4.2 and 4.3, we get the following result.
Corollary 4.4. If {π1(Au)} is δ-interleaved with {π1(A
′
u)} and {π1(Bu)} is δ-interleaved
with {π1(B
′
u)} where δ > 0, then the persistence {π1(Xu)} is δ-interleaved with the per-
sistence {π1(X
′
u)} for δ > 0.
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